Abstract. Let ϕ and λ be the Euler and Carmichael functions, respectively. In this paper, we establish lower and upper bounds for the number of positive integers n ≤ x such that ϕ(λ(n)) = λ(ϕ(n)). We also study the normal order of the function ϕ(λ(n))/λ(ϕ(n)).
Introduction
The Euler ϕ-function (first introduced in [20] of 1760) and the Carmichael λ-function (first introduced in [9] of 1910) are two of the most interesting, useful and versatile arithmetic functions that have ever been studied. For a positive integer n, the value ϕ(n) of the Euler function is defined to be the number of natural numbers less than or equal to n and coprime to n. Equivalently,
For a positive integer n, the value λ(n) of the Carmichael function is defined to be the maximal order of any element in the multiplicative group (Z/nZ) * . More explicitly, for a prime power p α , λ( p α ) = p α−1 ( p − 1), if p ≥ 3 or α ≤ 2; 2 α−2 , if p = 2 and α ≥ 3;
and for an arbitrary integer n ≥ 2 with prime factorization n = p . Also, λ(1) = 1. In contrast to ϕ, the function λ is not multiplicative.
Over the years, the Euler and Carmichael functions have been extensively researched in the literature, and quite a large number of results have been obtained concerning the rate of growth and the arithmetical properties of these functions. To gain insight into the nature of these and other arithmetic functions, many subsequent investigations considered compositions (or iterations) of such functions. Let us mention a few relevant examples that have motivated our present investigations. (1) In 1929, PILLAI [41] was the first to study properties of the iterates {ϕ (k) | k ≥ 1} of the Euler function, where ϕ (1) = ϕ, and ϕ (k) = ϕ • ϕ (k−1) for k ≥ 2. PILLAI showed that if W (n) = k is the least integer k for which ϕ (k) (n) = 1, then log 3n log 3 ≤ W (n) ≤ log 2n log 2 .
Later, SHAPIRO [44] , MILLS [37] , ERDÖS [14] and ERDÖS and HALL [16] investigated related questions. Extending some of SHAPIRO's work [44] , the problem of finding integers n with the property that ϕ (k) (n) | n was first considered by HAUS-MAN [31] in 1982, and these results were later generalized by HALTER-KOCH and STEINDL [28] and by SIVA RAMA PRASAD and FONSECA [46] .
(2) For a positive integer n, let (n) and ω(n) denote the number of prime factors of n counted with and without multiplicity, respectively, and let (n) = (n) − ω(n).
Generalizing the fundamental theorem of TURÁN [48] from 1934, in 1984, ERDÖS and POMERANCE [18] and MURTY and MURTY [39] proved, independently, that both compositions (ϕ(n)) and ω(ϕ(n)) have normal order 1 2 (log 2 n) 2 , and they also gave analogues of the Erdös-Kac theorem (see [17] ) for these functions. 1 In 1999, BASSILY, KÁTAI and WIJSMULLER [7] gave proofs of similar theorems for ϕ (k) . In particular, they showed that, as x → ∞,
holds for almost all n ≤ x, and
log 2 x log 4 x < z = (z) = 1 √ 2π
where s(x) = (log 4 x + c + o(1)) log 2 x. In other words, the quantity (ϕ (k) (n)) − s(x) log 2 x log 4 x is normally distributed. Earlier, in 1990, ERDÖS, GRANVILLE, POMERANCE and SPIRO [15] proved that, under the Elliott-Halberstam conjecture, the normal order of PILLAI's function W (n) is log n for some constant , and for every positive integer k, the normal order of ϕ (k) (n)/ϕ (k+1) (n) is e γ k log 3 n, where γ is the Euler-Mascheroni constant. (3) In 1944, ALAOGLU and ERDÖS [2] considered the compositions ϕ •σ and σ •ϕ, where σ is the sum of divisors function, and they proved that
Conversely, in 1964, MAKOWSKI and SCHINZEL [35] proved that
1 log k denotes the k-th iterate of the natural logarithm.
and in 1989, POMERANCE [43] showed that lim inf n→∞ σ (ϕ(n))/n > 0.
In 1992, GOLOMB [25] observed that the value of σ (ϕ(n)) − ϕ(σ (n)) takes both positive and negative values infinitely often and asked for the proportion of each. DE KONINCK and LUCA [11] have shown that this function is positive for almost all values of n. (4) Recently, MARTIN and POMERANCE [36] have studied iterates of the CARMICHAEL function and have shown that the normal order of the function log (n/λ(λ(n))) is (log 2 n) 2 log 3 n. In other words,
as n → ∞ through a set of integers of asymptotic density one. For a variety of other results with a similar flavor, we refer the reader to [3, 4, 5, 6, 8, 10, 12, 13, 21, 22, 23, 24, 26, 33, 34, 40, 42, 45, 49] and the references contained therein.
In this paper, we initiate the study of the composite functions ϕ • λ and λ • ϕ by establishing lower and upper bounds for the counting function of the set
Our main results are the following: #A(x) ≥ exp C log x log log log x . (1) holds as x → ∞.
Theorem 2. The inequality
#A(x) ≤ x (log x) 3/2+o
Remark. If we denote
It is natural to conjecture that the estimate
holds for some positive constant c. Since the Sophie-German primes (i.e., primes p for which q = ( p − 1)/2 is also prime) are all contained in A, the Hardy-Littlewood conjectures (see [29] ) would suggest that c ≤ 2. Taking into account the very special structure of the integers in A, it is also natural to expect the Sophie-German primes to form a subset of A of positive relative asymptotic density, and we therefore conjecture that (2) holds with c = 2.
Although our focus in this paper is primarily on the set A of positive integers for which the values of ϕ •λ and λ•ϕ coincide, we have also been led to consider the related question: Which value is larger, ϕ(λ(n)) or λ(ϕ(n)), for a "typical" integer n?
In the last section, we study the normal order of the function ϕ(λ(n))/λ(ϕ(n)); our result, which relies heavily on (1), is the following: (1))(log log n) 2 log log log n holds on a set of positive integers n of asymptotic density one.
In particular, one sees that ϕ(λ(n)) is much larger than λ(ϕ(n)) for almost all positive integers n.
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Notation
Throughout the paper, we use the Landau symbols 'o' and 'O' and the Vinogradov symbols ' ' and ' ' with the understanding that the implied constants are absolute; we recall that, for positive functions U and V , the notations U V , V U , and U = O(V ) are each equivalent to the assertion that the inequality U ≤ cV holds for some constant c > 0. As usual, P(n) denotes the largest prime factor of n > 1, and ω(n) denotes the number of distinct prime factors of n. Throughout the paper, the letters p, q, and r always denote prime numbers. For a positive real number x, we use log x to denote maximum of 1 and the natural logarithm of x. For an integer k ≥ 2, log k x denotes the k-th iterate of the function log x. For a positive real number x and a subset B of the positive integers, we write B(x) = B ∩ [1, x] . Finally, we use c 0 , c 1 , . . . to represent positive constants that are absolute.
For the convenience of the reader, we have included a brief index at the end of the paper which contains, in particular, a list of notation for our proof of Theorem 2 below.
3 Coincidences between ϕ • λ and λ • ϕ Throughout this section, we focus our study on the set
Our goal is establish lower and upper bounds for the counting function #A(x) = #(A ∩ [1, x] ), where x is a real parameter. 
Proof. Observe that, since #A(2) = 2, it suffices to establish the inequality for all sufficiently large values of x. For a positive integer n, let ϕ (0) (n) = n, and define ϕ (k) (n) inductively by ϕ (k) (n) = ϕ ϕ (k−1) (n) for all k ≥ 1. Let P (n) denote the set of odd prime factors of the integer k≥0 ϕ (k) (n). By a result of PILLAI [41] , the equality ϕ (k) (n) = 1 holds for some k ≤ K = (log n)/ log 2 ; consequently,
We also have
Now let n ≥ 3 be an odd square-free integer that is coprime to ϕ (k) (n) for all k ≥ 1, and put
Note that P (n) ∪ {2} is precisely the set of primes that divide N. Denoting by v p ( · ) the standard p-adic valuation, it is easy to check that
Therefore,
where we have factored
Here, we have used the fact that for each p ∈ P (n), the odd prime factors of p − 1 also lie in P (n).
On the other hand, we have
Since α 2 , δ 2 ≥ 1, and α p ≥ 1 for all p ∈ P (n), it follows that
Thus, we have shown that the integer N lies in the set A.
We now use the fact that there exists an absolute constant c 1 > 0 such that for all y > 10, there exists a positive integer y ≤ y 2 with the property that
(see [1] , for example). Let S be the set of odd primes p such that p − 1 is a divisor of y , but p does not lie in P ( y ). Using the inequalities (4) and (5), it follows that
holds with c 2 = c 1 /2, provided that y is sufficiently large. Replacing S by one of its subsets, if necessary, we can assume that #S = s . We now set t = √ s and consider subsets T ⊂ S of cardinality t. The number of these subsets is
where
As P ( t y ) = P ( y ), we see that n T is coprime to ϕ (k) (n T ) for all k ≥ 1, and
The construction given at the beginning of the proof now shows that if
Moreover, it is clear that distinct subsets T give rise to distinct elements of A (for if N T 1 = N T 2 , then by comparing those parts of N T 1 and N T 2 composed of primes in S, we obtain that n 2
, and by unique factorization this leads to T 1 = T 2 ). To bound the size of N T , we first use (3) and (7) to estimate
Since λ(M T ) ≤ M T , we can use this bound for λ(M T ) as well. Also,
Now, given a large real number x, let y be defined implicitly by the equation x = exp 7s 1/2 log y , where s is defined as in (6) . Then N T ≤ x holds for all such subsets T , provided that x is sufficiently large. Since
where c 0 = c 3 /8. This completes the proof.
Upper Bound.
We begin this subsection with a few technical lemmas that are used in our proof of Theorem 2 below. The following result is a weakened and simplified version of a well-known result of HILDEBRAND [32] (see, for example, Chapter III.5 in the book by TENEN-BAUM [47] ): Lemma 1. Uniformly for exp (log 2 x) 2 ≤ y ≤ x, the cardinality (x, y) of the set of smooth numbers
where u = (log x)/(log y).
Lemma 2.
Uniformly for x ≥ y ≥ 2, the cardinality of the set
Proof. If n lies in F (x, y), then either there exists a prime q > y such that q 2 | n, or there exists a prime q > y and a prime p ≡ 1 (mod q) such that pq | n. In the first case, the number of such integers n ≤ x is bounded by
and in the second case, the number of such integers n ≤ x is at most
where we have used the uniform bound
which follows from the inequality (3.1) of [15] (see also Lemma 1 of [7] ). The result follows.
Lemma 3. If x ≥ 2 and w ≥ 2e log 2 x + 1, then the cardinality of the set
Proof. By results of HARDY and RAMANUJAN [30] , the number of positive integers n ≤ x for which ω(n) = k is bounded above by
In the above inequality (and in many others to follow), we have used Stirling's formula to conclude that k! ≥ (k/e) k holds for all positive integers k. In particular, if w ≥ 2e log 2 x + 1, then
which is the desired estimate.
Theorem 2. The inequality
Proof. Our strategy is to express A(x) as a union of boundedly many subsets, each of which has a cardinality bounded above by x(log x) −3/2+o (1) .
Let x be a large positive real number. The first five subsets that we consider are the following:
Since A 1 (x) ⊂ S(x, y 1 ), Lemma 1 immediately implies that
Note that if x is large, then A 1 (x) contains all powers of 2 which are smaller than x. (ii) The subset
, where A 2 (x) consists of those n ∈ A 2 (x) such that q | gcd(n, ϕ(n)) for some prime q > y 2 , and A 2 (x) consists of the remaining n ∈ A 2 (x). Since A 2 (x) is a subset of F (x, y 2 ), Lemma 2 provides the estimate
Now suppose that n ∈ A 2 (x). Then there exist a prime q > y 2 and either a prime factor p of n with p ≡ 1 (mod q 2 ), or two prime factors p 1 < p 2 of n such that q | gcd( p 1 − 1, p 2 − 1). Fix q, and p in the first case, and p 1 and p 2 in the second case, respectively. Then, the number of possible multiples n ≤ x of p is x/ p ≤ x/ p in the first case, while the number of possible multiples
where we have used the estimate (8) twice. The estimates (10) and (11) immediately imply that
(iii) The subset
(iv) The subset
where c 2 = 2/ log 2 and
where we have used (8) in the last step. For the remaining subsets of A(x), our estimates are presented as a series of technical lemmas. We begin with the following:
for every positive integer n, and
If x is sufficiently large, then
Proof. For each integer n ∈ A 5 (x), we have:
• P(n) > y 1 and P(n) 2 n;
• ω(n) ≤ w 1 ;
• 2 w 2 n, and 2 w 2 ( p − 1) for every prime p dividing n;
• n is not a power of 2;
• F(n) > w 3 .
Let n = 2 α k =1 p β be the prime factorization of n, where the primes p are odd and distinct; reordering the odd primes, if necessary, we can assume that v 2 ( p − 1) is a nondecreasing function of . Then there exists an integer t ≥ 1, integers 1 ≤ α 1 < · · · < α t , and integers κ 1 , . . . , κ t ≥ 1 with the following three properties:
holds, where δ = 0 if α = 0, and δ = 1 otherwise; (iii) The equality
Here, the integers α i are all the possible values of v 2 ( p − 1) as p runs over the odd prime factors of n, arranged increasingly, and κ i is the multiplicity with which α i occurs (i.e., the number of prime factors p of n such that α i = v 2 ( p − 1)).
Let D be the set of all (2t + 2)-tuples (t, α, α 1 , . . . , α t , κ 1 , . . . , κ t ) for which these properties hold for some n ∈ A 5 (x). Clearly,
where for a positive integer m, we have used p(m) to denote the number of partitions of m. Now fix one such (2t + 2)-tuple in D, and suppose that n ∈ A 5 (x) is of this type. Since the prime P = P(n) is one of the primes p j , and P 2 n, we can write n = Pm, where m satisfies the analogue of (i) with the data
Here, the hat symbol indicates that the entry has been omitted. Clearly, y 1 < P ≤ x/m, and P lies in the arithmetic progression 1 (mod 2 α j ); hence, the number of such primes is x 2 α j m log(x/(2 α j m)) (see [38] ). Since 2 α j < 2 w 2 ≤ (log x) 2 , the inequalities
hold, and therefore log(x/(2 α j m)) log y 1 log x log 3 x log 2 x .
Consequently, for a fixed value of m, the number of such primes P is
We now sum up the above inequality over all possible integers m of type (17) (with j fixed) and deduce that the corresponding contribution to #A 5 (x) is
Here, c 4 is an absolute constant for which the inequality 
we find that the expression (18) is bounded above by
Summing this over all possible choices of j ∈ {1, . . . , t}, then over all possible (2t + 2)-tuples in D, we derive the estimate
for all sufficiently large x. Now fix n ∈ A(x)\ 5 j =1 A j (x) , and let n = 2 α k =1 p β be its prime factorization. Let P = { p 1 , . . . , p k } be the set of odd primes that divide n, P 1 = { p 1 , . . . , p k 1 } be the subset of P consisting of the odd primes p that divide gcd(n, ϕ(n)), and Q be the set of odd prime factors of ϕ(n) that do not divide n.
Since n ∈ A 2 (x), every prime p ∈ P 1 satisfies the bound p ≤ y 2 = (log x) 2 ; thus, if q > y 2 and q | ϕ(n), then q ∈ Q. Let q 1 , . . . , q s be the primes in Q. Factoring
we derive that
The preceding formula may be rewritten in the form
where the maxima in the exponents are taken over ∈ {1, . . . , k}. From the preceding relation, we see that v 2 (ϕ(λ(n))) is equal to
Combining this result with (19) and the fact that v 2 (λ(ϕ(n))) = v 2 (ϕ(λ(n))), we obtain:
We now define A 6 (x) be the set of those integers n ∈ A(x)\ 5 j =1 A j (x) for which the maximum on the right hand side of (20) is not achieved with the term F(n).
Lemma 5. We have
Proof. If n ∈ A 6 (x), there exists a prime q ∈ Q such that the maximum on the right hand side of (20) is achieved with the term v(q − 1), and it follows that
which implies, in particular, that #P 1 + #Q 1. Hence, there exists an absolute constant c 5 > 0 such that for every n ∈ A 6 (x), the inequality ω( p − 1) ≤ c 5 holds for all prime factors p of n.
Our first step is to establish the estimate:
For this, let p ∈ R 1 (x). We may assume that P( p − 1) > y 1 , for the number of primes p ≤ x with P( p − 1) ≤ y 1 is no more than
We may also assume that there does not exist a prime q > y 3 = log x such that q 2 | p − 1. Indeed, the number of primes p ≤ x for which q 2 | p − 1 for some q > y 3 is no more than
say. For the sum S 1 , we apply the Montgomery-Vaughan upper bound on the number of primes in an arithmetical progression (see [38] ) to conclude that (24) and for the sum S 2 we need only the trivial fact that π(x, q 2 , 1) ≤ x/q 2 to derive the bound:
Thus, we may assume that p − 1 = Pm, where P > max{P(m), y 1 }. Since
Fixing one such number m, we apply BRUN's method (see [27] ) to deduce that the number of possibilities for the prime p is x ϕ(m)(log(x/m)) 2 . Since x/m > y 1 , we have log(x/m) > log y 1 log x log 2 x .
Hence, the number of possibilities for p ≤ x when m is fixed, is
Summing this inequality over all m with ω(m) ≤ c 5 − 1, and using the inequalities (23), (24), and (25), we obtain that
Now, since
the inequality (27) implies the estimate (22) . Using (22) , it follows that
is a constant; thus, writing M 1 for the set of positive integers m composed from the primes in R 1 , we have
For any n ∈ A 6 (x), we can write n = Pm, where P ∈ R 1 (x/m) satisfies P > max{P(m), y 1 }, and m ∈ M 1 (x). Let m be fixed. According to (22) , the prime P ∈ R 1 (x/m) can be chosen in at most
m(log(x/m)) 2 different ways. By inequality (26) , the number of possibilities for P is
Summing this inequality over all m ∈ M 1 (x), we derive that
which finishes the proof. Now let n be an integer in A(x)\ 6 j =1 A j (x) . Then, by (20) , we have
In particular, it follows that
Since, for every prime factor q > y 2 of ϕ(n), there exists a unique p | n such that q | p − 1 (because n ∈ A 2 (x)), from (28) we deduce that
For any real number z > 0, let 2 .
For any real number z and positive integer n, we write ω ≤z (n) and ω >z (n) for the number of distinct prime factors of n that are ≤ z and > z, respectively. Consider the following set of prime numbers:
We claim that the estimate
holds. Indeed, let p ∈ R 2 (x) be fixed. Since π(x/ log x) x/(log x) 2 , we can assume that p > x/ log x. As in the above estimate for the counting function #R 1 (x) of R 1 , we can assume that P = P( p − 1) > y 1 and that q 2 does not divide p − 1 for any prime q > y 3 = log x, since the size of the exceptional set is x/(log x) 2 . Finally, we can assume that ω( p − 1) ≤ w 1 , for otherwise p − 1 ∈ A 3 (x), and we have already seen that #A 3 (x)
x/(log x) 2 . Now, write p − 1 = Pm, where P = P( p − 1) > max{P(m), y 1 }, m satisfies further ω(m) ≤ w 1 = c 1 log 2 x, and let M 2 (x) be the set of all integers m obtained in this way. For fixed m ∈ M 2 (x), we apply Brun's method once again, which shows that the number of possibilities for p is
(for the second estimate, we use (26) and the bound ϕ(m) m/ log 2 m). Clearly, for m ∈ M 2 (x), we have ω > f (x) (m) < log 2 x/ log 3 x. Thus, if k 2 and k 3 denote the number of prime factors of m which are ≤ f (x) and > f (x), respectively, then k 2 ≤ w 1 , and k 3 ≤ w 4 = log 2 x/ log 3 x . Therefore,
and
Note that for k 2 ≤ w 1 , using Stirling's formula, we have
Since the pair (k 2 , k 3 ) can be chosen in at most O((log 2 x) 2 ) different ways, we get that
which together with (31) implies our claim (30) . In particular, it follows from (30) that
Using (29) together with the fact that n ∈ A 5 (x), we see that
Put
Clearly, every prime factor p of n satisfies precisely one of the following properties:
Suppose that n has k 4 primes of type (i), k 5 primes of type (ii), and k 6 primes of type (iii). Note that
if x is sufficiently large. Thus, primes p of type (iii) have the property that
From (33), it follows that
and therefore
Let c 8 be the constant implied in the preceding inequality. Put
and consider the set
Lemma 6. The following estimate holds:
Proof. Let R 3 (x) denote the set of primes p ≤ y 4 together with the set of primes p ∈ R 2 (x). Clearly,
As before, write n = Pm, where P > max{P(m), y 1 }, and denote by M 3 (x) the set of all integers m obtained in this way. Since n ∈ A 7 (x), we know that m has k 6 ≤ w 6 primes p ≤ x that are not in R 3 (x), and
, the prime number P can be chosen in at most
different ways, where we have again used the inequality (26) together with the fact that ϕ(m) m/ log 2 m. Summing this estimate over all m ∈ M 3 (x), we derive that
For fixed k 6 ≤ w 6 , by Stirling's formula again, it follows easily that
Here, we used the fact that if A > 1 is fixed, then the function t → (A/t) t is increasing for t ≤ A/e and decreasing for t > A/e. For example, above we used this argument with A = e log 2 x + O(1) and t = k 6 ≤ w 6 < A/e, once x is sufficiently large. On the other hand, for fixed k 7 in the interval [w 7 , w 1 ], using Stirling's formula again and the estimate (35), we have
where now we have used the fact that (B/t) t is decreasing for the fixed B = e(log 3 x) 3 + O(1) and t ≥ w 7 > B/e, once x is sufficiently large. Since the pair (k 6 , k 7 ) can be chosen in at most O((log 2 x) 2 ) distinct ways, we obtain that
which together with (36) leads to the proof of (34) .
From now on, we consider only integers n ∈ A(x)\ 7 j =1 A j (x) . If we again write every such n in the form n = Pm, and let M 4 (x) be the set of integers m that arise in this way, then it follows that
Indeed,
We now put
where F(n) is defined by (15) .
Lemma 7.
The following estimate holds:
Proof. To prove (38), we follow the same arguments used to bound #A 5 (x). Suppose that we are given an element (t, α, α 1 , . . . , α t , κ 1 , . . . , κ t ) of D and that this element encodes the powers of 2 in n and in p − 1 for the odd primes p | n, as in the proof of the upper bound (16) for #A 5 (x). Assume further that P = p i for some i ∈ {1, . . . , t}. When all these data are fixed, the number of corresponding integers n is bounded above (see inequality (18) ) by
Since α + t j =1 α j κ j > w 2 = c 2 log 2 x, and
which is the desired result.
In order to continue our argument, we shall need the following technical result: Lemma 8. Uniformly for 2 ≤ d ≤ x, the following estimate holds:
.
Proof. Let d ≥ 2. For x ≥ d, we first determine an upper bound on the counting function of the set R 2 (x; d, 1) of primes p ∈ R 2 (x) in the arithmetic progression p ≡ 1 (mod d). Without loss of generality, we can assume that x ≥ exp (log d) 2 , for otherwise the inequality asserted by the lemma follows from the fact that
which is valid for all 1 ≤ d ≤ y (see again (8)). We can also assume that d is large enough for our purposes at hand. Now, put y = exp log x log 3 x 6 log 2 x .
Then, if d is sufficiently large,
For each prime p ∈ R(x; d, 1), write p − 1 = dm. We first remark that the number of primes p for which P(m) ≤ y (and thus,
Hence, v log v ≥ (3 + o(1)) log 2 x, therefore the number of such primes p is
Now, consider primes p ∈ R(x; d, 1) such that P(m) > y. From this subset, we discard those primes p for which there exists a prime q > y such that q 2 | p − 1; it is easy to see, using an argument similar the one used to analyze the counting function #R 1 (x) , that the number of discarded primes is
For the remaining primes, write p − 1 = dm 1 P, where p is a prime satisfying P = P( p − 1) > max{P(m 1 ), y}. Let M(x) be the set of integers m 1 that occur in this way. By Brun's method, for every fixed value of m 1 , the number of possibilities for the prime P is
Since x/(dm 1 ) ≥ P( p − 1) > y, we get that log(x/dm 1 ) > log y log x log 3 x log 2 x , therefore the number of possibilities for P is
Recalling that M(x) is contained in the set of those positive integers that have at most log 2 x/ log 3 x primes > f (x), the argument used in the analysis of the counting function #R 2 (x) (see estimate (32)) shows that
Therefore, summing up the inequality (39) over all the possible values for m 1 ∈ M(x), and combining the result with our previous estimates, we obtain the bound: 2 and d is sufficiently large. The desired inequality now follows by partial summation.
Next, defining F(n) as usual by (15), we show that the following estimate holds:
Proof. To prove this lemma, we apply a modification of the argument used to bound #A 5 (x) and #A 8 (x). We let n ∈ A(x)\ 8 j =1 A j (x) . As before, we write n = Pm, and we note that m = m · m , where
Recall that ω(m ) = k 7 and ω(m ) = k 6 ≤ w 6 . Now, let us suppose that (t , α , α 1 , . . . , α t , κ 1 , . . . , κ t ) and (t , α , α 1 , . . . , α t , κ 1 , . . . , κ t ) encode the powers of 2 in m and p i − 1 for i = 1, . . . , k 7 (where p i | m ) and in m and p j − 1 for j = 1, . . . , k 6 (where p j | m ), respectively, as in the analysis of A 5 (x). Suppose further that 2 α P P − 1. Then,
we also see that
Summing up the preceding estimates (42) and (43) over all possible data sets (t , α , α 1 , . . . , α t , κ 1 , . . . , κ t ) and (t , α , α 1 , . . . , α t , κ 1 , . . . , κ t ) (there are at most (log x) o(1) possibilities), and using the estimates we have obtained above for #A j (x), j = 1, . . . , 8, we obtain the desired estimate (40) .
In particular, if we put w 8 = log 2 x, and
then the above argument and the estimate (40) immediately implies that
Finally, we come to the last set
. From now on, we consider only integers n ∈ A 10 (x).
Lemma 10. The following estimate holds:
#A 10 (x) ≤ x (log x) 3/2+o (1) .
Proof. For n ∈ A 10 (x), write n = Pm, where P = P(n) and m ∈ M 4 (x). From the inequality (29), we see that Then, P = P(n) ∈ R 4,α,ν (x/m) for some positive integer α. We now show that the estimate 
holds uniformly for all ν ≤ w 8 , α ≤ w 2 , and m ∈ M 4 (x), where we put h(δ) = 2 − δ log(e/δ), with δ = ν/ log 2 x. To do this, we first observe that it suffices to prove only the weaker assertion that Consequently, R 4,α,ν (x) x(log 2 x) 3 2 α (log x) 2
x(log 2 x) 6 2 α (log x) 2−z(δ)+o(1) + x (log x) 2 = x 2 α (log x) h(δ)+o(1) + x (log x) 2 , which establishes (47) .
Returning to the integers n ∈ A 10 (x), we see that each one has the form n = Pm, where P > max{P(m), y 1 } belongs to the set R 4,α,ν (x/m), and m ∈ M 4 (x). For fixed values of m, ν ≤ w 8 , and α ≤ w 2 , the number of possibilities for P is at most Now an argument similar to the one used to prove estimate (40) (and similar to the one used to find upper bounds on A 5 (x) and A 8 (x)), leads easily to the conclusion that in formula (40) 
since h(δ) < 2 for δ < 1. Finally, summing up over all possible values of ν (at most O(log 2 x) of them), and noticing that the minimum of the function h(δ) + δ log 2 = 2 − δ log(e/δ) + δ log 2 occurs at δ = 1/2 with a value of 3/2, we obtain the stated result.
Theorem 2 now follows at once from the estimates (9), (12), (13) , (14) , (16) , (21) , (34) , (38) , (44) , and (45).
4 The normal order of ϕ(λ(n))/λ(ϕ(n)) Theorem 3. The estimate ϕ(λ(n)) λ(ϕ(n)) = exp (1 + o(1))(log 2 n) 2 log 3 n holds on a set of positive integers n of asymptotic density one.
Proof. Clearly, ϕ(λ(n)) = ϕ(λ(n)) λ(n) · λ(n).
Since the inequalities 1 ≥ ϕ(λ(n)) λ(n) 1 log 2 λ(n) ≥ 1 log 2 n hold for all n, and the estimate λ(n) = n exp(− (1 + o(1) ) log 2 n log 3 n) (49) holds for almost all n (see [19] ), it follows that ϕ(λ(n)) = n exp(− (1 + o(1) ) log 2 n log 3 n)
holds for almost all positive integers n. We also have:
Here, we used the fact that the prime factors of λ(n) and ϕ(n) are the same, together with the (easily proved) fact that if m = ab and every prime factor of b divides a, then λ(ab) | λ(a)b. Now, writing
and using the estimate 1 ≥ ϕ(n)/n 1/ log 2 n together with (49), we see that λ(ϕ(n)) = λ(λ(n)) exp((1 + o(1)) log 2 n log 3 n) holds for almost all n. Applying the result (1) of MARTIN and POMERANCE [36] , it follows that the estimate λ(ϕ(n)) = n exp −(1 + o (1))(log 2 n) 2 log 3 n
holds for almost all positive integers n. The result now follows from (50) and (51).
